We discuss inflaton decays and reheating in no-scale Starobinsky-like models of inflation, calculating the effective equation-of-state parameter, w, during the epoch of inflaton decay, the reheating temperature, T reh , and the number of inflationary e-folds, N * , comparing analytical approximations with numerical calculations. We then illustrate these results with applications to models based on no-scale supergravity and motivated by generic string compactifications, including scenarios where the inflaton is identified as an untwisted-sector matter field with direct Yukawa couplings to MSSM fields, and where the inflaton decays via gravitational-strength interactions.
Introduction
A new generation of experiments on the cosmic microwave background (CMB), particularly Planck [1] and experiments searching for B-mode polarization, is providing detailed probes of models of cosmological inflation. In particular, recent data from Planck provide a very precise measurement of the scalar spectral index n s . Recent polarization results from the Planck and BICEP2 experiments [2] have focused attention on models [3] that predict relatively low values of the scalar-to-tensor perturbation ratio r, and a next generation of B-mode polarization experiments is expected to produce results soon. Examples of low-r models include the Starobinsky model based on a R + R 2 extension of the Einstein
Lagrangian [4] [5] [6] , and related models such as Higgs inflation [7] , which typically predict r ∼ 0.003. This is considerably below the current upper limit r 0.08 [1, 2] , and models predicting values of r that are significantly larger than in the Starobinsky model may also be compatible with the data.
We expect that the framework for physics at the Planck scale and below should be supersymmetric [8] [9] [10] [11] . In addition to the myriad motivations from particle physics, supersymmetry also renders technically natural the fact that the magnitude of the CMB perturbations is small, by ensuring that radiative corrections to the requisite small mass scale and/or field coupling(s) are under control. The appropriate supersymmetric framework for cosmology is supergravity, but generic supergravity models of inflation soon encountered problems [12] . It was therefore proposed to consider models of inflation [13] [14] [15] based on no-scale supergravity [16, 17] * , which are capable of mitigating these problems † .
Following the 2013 Planck data release, three of us re-examined [29] [30] [31] no-scale models of inflation based on a Kähler potential of the form
where T can be identified with the string compactification modulus and φ is a generic matter field. With suitable choices of superpotential W (T, φ), no-scale models can reproduce Starobinsky-like predictions with the inflaton identified as either the compactification modulus or a matter field, thanks to their conformal equivalence to R + R 2 gravity. There has subsequently been an outburst of interest in these and related no-scale models of inflation [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] . In particular, we have shown how no-scale supergravity could accommodate models interpolating between the Starobinsky and chaotic quadratic models of inflation, analyzing their predictions for n s and r as functions of the number of e-folds during inflation, N * , including also two-field effects [38, 39] .
We have recently studied various phenomenological aspects of such no-scale models of inflation, stressing how they could be embedded in compactifications of string theory [40] . We analyzed possible string assignments for the inflaton and matter fields, as well as mechanisms for supersymmetry breaking, inflaton couplings and decays. We showed that different no-scale supergravity models led to different estimates of the reheating temperature after inflation, T reh , and found a connection between the reheating temperature and the possible mechanism of supersymmetry breaking.
The emerging data on n s and r are beginning to impose interesting constraints on the number of inflationary e-folds N * , which depends on T reh and the equation of state during the epoch of inflaton decay, which is conveniently characterized by the effective equation-of-state parameter w int [45, 49, 50] . The cosmological data are therefore starting to impose supplementary constraints on inflationary models that may help discriminate among no-scale scenarios, casting some light on the mechanism of inflaton decay, and possibly supersymmetry breaking.
In this paper we study these connections in some detail, comparing analytic and numerical calculations in Section 2 and evaluating w int , T reh and hence N * . In Section 3 we apply these results in various Starobinsky-like no-scale inflationary models, and in Section 4 we use the CMB bounds on n s and r to constrain N * and thereby parameters in scenarios for no-scale inflation. Section 5 summarizes our results and discusses future prospects. We plan in a subsequent paper to study the low-energy constraints on supersymmetry breaking, and their complementary implications for no-scale models of inflation.
On the Number of e-Folds in No-Scale Inflation
In the slow-roll approximation and assuming entropy conservation after reheating, the number of e-folds to the end of inflation can be expressed as [1, 49, 51] 
where k * is the wave number at the reference scale, a 0 and H 0 are the present cosmological scale factor and Hubble expansion rate, respectively, V * is the inflationary energy density at the reference scale, ρ end and ρ reh are the energy densities at the end of inflation and after reheating, w int is the e-fold average of the equation-of-state parameter during the thermalization epoch, and g reh is the number of equivalent bosonic degrees of freedom after reheating:
reh . We now discuss the evaluations of the quantities appearing in (2) , with an initial focus on Starobinsky-like models of inflation that we extend later to related no-scale models.
The Inflationary Energy Density V *
The Starobinsky potential V = 3 4 In the range 50 < N * < 70 and using ln (10 10 A S * ) = 3.094 [1] , this corresponds to
Substitution in (6) leads to our final expression for the energy density at horizon crossing,
which we use in our subsequent analysis.
The Energy Density ρ end
In the case of single-field inflation, the evolution of the homogeneous, canonically-normalized scalar φ in the presence of a spatially-flat Friedmann-Robertson-Walker geometry is governed by the equationsφ
where H is to the Hubble parameter. Differentiating (12) with respect to time and substituting (11) yields the relationḢ
Using (13) , the time dependence can be eliminated from the Friedmann equation, which leads to the Hamilton-Jacobi form of the equations of motion,
The Hubble slow-roll parameters are defined by
where ǫ 1,2 are the first and second Hubble flow-functions, [52, 53] . In terms of these parameters, the condition for inflation to occur is preciselÿ
which implies that inflation ends when ǫ H = 1.
Alternatively, one can consider the conventional potential slow-roll parameters
which are fully determined by the shape of the inflationary potential. They can be expressed in terms of the slow-roll parameters via the relations
which show that ǫ V = 1 is only a first-order approximation at the end of inflation. It can be shown that the first term in (22) is of higher order in slow roll [54] . Neglecting this term, we can eliminate η H from equations (21, 22) at the end of inflation, to obtain End of inflation:
which can be used to calculate φ end .
This equation involves the scalar potential and its first two derivatives, and can be solved in closed form in the case of a power-law potential V = a(φ/M P ) n , yielding Power-law:
This deviates from the exact result found by numerical integration of the equations of motion (11, 12) by less than 5% for n ≥ 1. In the case of the Starobinsky potential, in a leading-order analytic approximation the end of inflation is reached when Starobinsky:
which is to be compared to the more exact value φ end = 0.615M P obtained by the numerical integration of the Friedmann and Klein-Gordon equations.
The energy density at the end of inflation may then be obtained in a straightforward way by noting that the slow-roll parameter ǫ H can be rewritten as ǫ H = 3 2 (1 + w), where w ≡ p/ρ is the equation-of-state parameter. When inflation ends, w = −1/3, which implieṡ
In the two cases discussed above, this may be evaluated to obtain
Starobinsky:
The latter can be compared with ρ end = 0.175m 2 M 2 P , which is obtained if we use the exact result for the Starobinsky potential, corresponding to the Hubble parameter H end = 0.242 m.
The Energy Density at Reheating ρ reh
We calculate the energy density at reheating assuming that the inflaton decay is perturbative, with a rate Γ φ . As a first approximation, one can consider the decay to be complete when Γ φ = t −1 . However, as we will see in Fig. 4 , in general the decay of the inflaton is incomplete at this time. Instead, we assume here that reheating is complete when the bulk of the energy density is provided by the relativistic decay products of the inflaton:
for some suitable δ ≪ 1.
During reheating, the evolution of the inflaton field φ and the relativistic decay products can be described by the equations
It is only after integration of these equations that the moment when the decay is complete can be computed. However, we can find an approximate value when m ≫ Γ φ by averaging over the scalar field oscillations. The average energy density of the inflaton then corresponds to ρ φ = φ 2 /2 + V ≃ φ 2 , and the average equation of motion (29) simplifies tȯ
These equations have the solution
where u = Γ φ t ′ , and we have assumed that the energy density of all relativistic degrees of freedom is negligible until the end of inflation [55] . If the decay rate is small, the reheating epoch spans a considerable interval of time, and t reh ≫ t end . In this limit, the scale factor and the Hubble parameter during the reheating epoch can be approximated as
If we approximate w by its time-averaged value during reheating,
then we can compute t reh by iteration. Consider as a first approximation w = 0, corresponding to the scalar field oscillations in the absence of decay. In this case, the solution (33), (34) can be combined with the constraint (28) to yield
where in this context γ denotes the lower incomplete gamma function. The relation (37) can be inverted numerically for any value of δ < 1. For δ < 10 −1 , the solution may be approximated by
where the upper index denotes the degree of the approximation. An estimate for w eff may be derived by noting that the equation of state evaluated over the scalar field oscillations is just one third of the fraction of the total density provided by the relativistic decay products of the inflaton:
Therefore, the zeroth order approximation to the time average of w can be calculated as
where for illustration purposes we have considered the end of reheating to occur when δ = 0.002 in (28) . The functional dependence of w
eff on δ is illustrated in the left panel of Fig. 1 for the case of an inflaton decay rate Γ φ = 10 −4 m.
The computed value of w
eff (δ) may be substituted in (35) to calculate a first-order approximation to the reheating time, t (1) reh , which may in turn be used to evaluate w (1) eff , and so on. This iterative procedure relaxes after a few steps, resulting in The energy density at the end of reheating may then be approximated by
(42) The corresponding reheating temperature T reh (assuming rapid thermalization [56] ) is given by
where the number of degrees of freedom g reh would be 915/4 for T reh above all the sparticle massesm and falling at lower T reh , e.g., to g reh = 427/4 for m t < T reh <m. 
Result for N *
Using the previous results, we can rewrite (2) for Starobinsky-like models in the form
If we define
then (44) can be inverted in terms of the (upper) Lambert function W 0 , resulting in
which is the basis for our subsequent analysis.
This expression for N * depends explicitly on the decay rate of the inflaton, Γ φ , and also implicitly, since its value affects the effective equation of state during thermalization, as characterized by the e-fold average parameter w int (Γ φ ) as well as the time average w eff (Γ φ ) introduced previously. In the previous section we have derived an estimate for w eff , finding that it has a universal value for Γ φ ≪ m. The e-fold average of the equation of state w int is given by the time average of w weighted by the Hubble parameter,
Following the same procedure for w eff , we can approximate w int as
for Γ φ ≪ m and δ = 0.002.
The previous semi-analytical results can be compared with the results of numerical integration of the equations (29)- (31) . The dependence on the parameter δ of the effective efold-averaged equation-of-state parameter w int is shown in the right panel of Fig. 1 . Iteration from the first-order analytic approximation to the e-fold-averaged parameter w int does not converge as rapidly as that for the time-averaged parameter w eff (shown in the left panel of Fig. 1 and in Fig. 2) . We see that the δ-dependence of the iterated approximation w ∞ int for Γ φ /m = 10 −4 (solid line) mirrors that of the numerical solution (red dots), though with a fractional offset 10%. Fig. 3 shows numerical values of w int together with the estimate (51) as a function of Γ φ /m. Also displayed is a fit to the data, given by the equation
However, as already seen in the right panel of Fig. 1 , the fractional difference between the numerical result and the iterated analytic approximation decreases as Γ φ /m → 0, as seen in the insert in Fig. 3 , and is 10% for the range of Γ φ /m of interest for our subsequent analysis. Fig. 4 illustrates the relationship between w(t) and w , which corresponds, by virtue of (39) , to 1/3 of the energy density in radiation. As noted earlier, we see explicitly that the estimate t reh ∼ Γ 5 shows the time at which reheating ends as a function of the decay rate. We see reasonable agreement between our analytical approximation (41) for δ = 0.002 (solid line) and exact results found by numerical evaluation of the equations of motion (29)- (31), which are represented by blue dots. The energy density at the end of reheating is displayed in Fig. 6 , together with the approximation (42) with the value of w eff that is determined by numerical integration. It is evident that the approximate expression is a good fit for the data, with a deviation 3% for Γ φ ≪ m, as shown in the insert in Fig. 6 . reh and the exact numerical result.
The Number of e-Folds in Representative No-Scale Inflation Models
The preceding Section shows that we have good numerical and analytic control over the inflaton decay and reheating process, which we now use to calculate the number of e-folds N * in some representative no-scale models of inflation.
We see from (44) that N * depends on Γ φ both explicitly and implicitly via the dependences in w int and w eff , which have been shown in (52) and Figs. 2 and 3 . We use these in the general expression (44) to calculate N * as a function of Γ φ . For this purpose, we use the Planck pivot point k * = 0.05/Mpc, corresponding to k * /a 0 H 0 = 221, and take the MSSM value of g reh = 915/4. Fig. 7 displays the calculated value of N * over a wide range of Γ φ , parametrized by with a coupling ranging from y = 1 to the value y ≃ 10 −16 , in which the latter would correspond to a reheating temperature T reh ≃ 10 MeV, below which the successful conventional Big Bang nucleosynthesis calculations would need to be modified substantially. Within this overall range, we discuss the values of N * found in specific no-scale models whose inflaton decays were discussed in [40] .
Decays via Superpotential Couplings
In one class of model discussed in [40] , the inflaton was identified as an untwisted matter field in some suitable string compactification, with direct decays to matter particles via a Yukawa-like superpotential coupling. One possible realization of this scenario would be further to identify the inflaton as a singlet (right-handed) sneutrino N with a couplings y ν HLN to light Higgs and lepton doublets [31, 57] . The perturbative decay rate of such a sneutrino inflaton would be given by (53) with y identified as the neutrino Yukawa coupling y ν . We use this as a representative of the broader class of matter inflatons that decay directly to matter particles via trilinear superpotential couplings.
Within the sneutrino inflation scenario, one might wish to consider values of y ν 1, the upper limit corresponding to a value of the Yukawa coupling similar to that of the top The values of N * in no-scale Starobinsky-like models as a function of Γ φ /m, for a wide range of decay rates. The diagonal red line segment shows the full numerical results at δ = 0.002 over a restricted range of Γ φ /m, which are shown in more detail in the insert, and the diagonal blue strip represents the analytical approximation (47) for 10 −3 < δ < 10 −1 . The difference between the results from evaluating w int via the iterative procedure and through the analytical approximation in the fit (52) are indistinguishable in the main plot, but are visible in the insert, where the solid black line corresponds to (52) . The right vertical axis shows the values of n s in Starobinsky-like no-scale models, for which the tensor-to-scalar ratio varies over the range 0.0034 < r < 0.0057 for N * in the displayed range. The vertical coloured lines correspond to the specific models discussed in Section 3, and the horizontal yellow (blue) lines show the 68 and 95% CL lower limits from the Planck 2015 data, which vary slightly in related no-scale models, as discussed in Section 4.
quark. In this case, we estimate
as shown by the vertical red line in Fig. 7 . However, such a large value of y would reheat the Universe to a very high temperature T reh ∼ 10 14 GeV, which would lead to an overproduction of gravitinos whose decays could aversely affect big bang nucleosynthesis and could overpopulate the Universe with dark matter particles [58] . To avoid this overproduction, one should require y ν 10 −5 . For the upper limit in this case, we estimate
as shown by the vertical green line in Fig. 7 . On the other hand, as discussed above, the smallest value of y consistent with conventional Big Bang nucleosynthesis is y ≃ 10 −16 , in which case y ≃ 10 −16 :
as shown by the vertical purple line in Fig. 7 . The above range of couplings includes possible gravitational decays of the inflaton § . We discuss below the compatibility of these predictions with the Planck data, shown as the horizontal yellow and blue lines in Fig. 7 .
Decays via Gravitational-Strength Couplings
There is another class of no-scale models in which the the inflaton decays via couplings that are suppressed by one or more powers of M P , which we exemplify here by examples in which the compactification volume modulus T is identified as the inflaton ¶ . For instance, in the example discussed in Section 5.2 of [40] , there are decays into three-body ttH and related final states with rate
where n t and n H are modular weights that are O(1). Since y t = O(1) and m ≃ 10 −5 M P , this example corresponds to 3 − body decay :
(58) § As was discussed in [40] , another possibility in such a matter inflaton scenario would be a superpotential coupling of the form ζ(T − 1/2) 2 φ, which would yield decays into T fields with a rate Γ φ = m|ζ| 2 /(36π). The results for different values of y discussed below could also be applied to this case, by simply replacing y → ζ √ 2/3. ¶ There are also matter-inflaton models in which decays are suppressed by some power of M P , but we do not discuss them here.
In this case we find 3 − body decay :
as shown by the vertical pale blue line in Fig. 7 .
However, such three-body decays may be dominated by two-body inflaton decays into pairs of gauge bosons [26, 59] , if the gauge kinetic function f αβ (where α, β are gauge indices) has a non-trivial dependence on the volume modulus: f αβ = f δ αβ with
which is a generic feature of heterotic string effective field theories. In this case, the decays into Standard Model gauge bosons V yield
corresponding to
Decays into gauge bosons :
In a weakly-coupled heterotic string model, one might expect d g,T = O(1/20), whereas it might be O(1) in a strongly-coupled model, leading to Weakly − coupled :
Strongly − coupled :
These estimates of Γ φ lead to the following estimates of N * :
as shown by the vertical yellow and magenta lines in Fig. 7 , respectively. The compatibility of these predictions with the Planck data is also discussed in the next Section.
4 CMB Bounds on N * in Representative No-Scale Inflation Models
Matter Inflaton Case
In the recent no-scale inflation model [29] with an untwisted matter field φ playing the role of the inflaton, the observables (n s , r) were calculated assuming a Kähler potential of the form (1) and choosing a Wess-Zumino superpotential W (φ) combining bilinear and trilinear terms:
and assuming that the volume modulus T is fixed. It was shown in [29] that this model reproduces exactly the predictions of the Starobinsky R + R 2 model if λ = µ/3. This model can alternatively be written in a more symmetric form:
where
in which representation the superpotential (65) can be written as
In the Starobinsky limit λ = µ/3, and we consider related models with λ/µ ∼ 1/3.
The calculations of N * in the previous Sections were made assuming exactly Starobinskylike inflation, which (as already mentioned) corresponds in this matter inflation model to the limiting case λ/µ = 1/3. We have studied the modification of the N * calculation when λ/µ = 1/3, but lying within the range 0.33324 ≤ λ/µ ≤ 0.33338 displayed in Fig. 8 . Fig. 8 displays the Planck 2015 constraints on this model in the (n s , r) plane (upper panel) and the (N * , λ/µ) plane (lower panel), with the region favoured at the 68% CL shaded yellow, and the region allowed at the 95% CL shaded blue. We see in the upper panel that for values of λ/µ ∼ 1/3 (black lines) the tensor to scalar ratio is small, and in this case, the data yield constraints on n s that are relatively insensitive to r. On the other hand, we see that any fixed value of n s corresponds to values of N * (coloured lines) that are strongly correlated with the values of λ/µ. Thus for a given value of λ/µ, the lower bound on n s provided by Planck can be translated into a lower bound on N * that is sensitive to λ/µ. For example, for λ/µ = 1/3, the 68% lower bound on n s corresponds to a lower bound of ≃ 50 on N * . This feature is reflected in the lower panel of Fig. 8 , where we see that N * is essentially unconstrained in this model in the absence of a precise value for λ/µ. However, if one assumes the Starobinsky value λ/µ = 1/3, one finds N * ∈ (50, 74) at the 68% CL, which would disfavour y 10 −9 according to Fig. 7 , and the 68% CL lower bound on N * would strengthen for λ/µ > 1/3.
As seen in Fig. 9 , the maximum deviation from the Starobinsky prediction for N * (as shown in Fig. 7 ) due to varying λ/µ in the range studied (yellow band) is always 1, Figure 8 : The 68% and 95% CL regions (yellow and blue, respectively) in the (n s , r) plane (upper panel) and the (N * , λ/µ) plane (lower panel) for the no-scale inflationary model [29] with a matter inflaton field and the Wess-Zumino superpotential (65). The black lines in the upper panel are contours of λ/µ, and the coloured lines are contours of N * . The horizontal black line in the lower panel is for λ/µ = 1/3, the value that reproduces the inflationary predictions of the Starobinsky model [29] . and the deviation is significantly smaller for the favoured models with inflaton decay via a two-body superpotential coupling y 10 −5 (corresponding to the green vertical line in Fig. 7) . The Starobinsky-like analysis gave N * ≃ 51.7 for y = 10 −5 , as seen in (55), and the non-Starobinsky deviation of N * in Fig. 9 is 0.5 for this value of y, decreasing to much smaller values close to the Big Bang nucleosynthesis lower limit y ≃ 10 −16 , for which we found N * ≃ 43.4 in the Starobinsky limit, as seen in (56). It is necessary to address in this model two potential issues: the stabilization of the real and imaginary parts of the field y 2 when the inflaton y 1 reaches its minimum, and the possibility that Re y 2 = 0 during inflation. The first of these issues is resolved by adding a small supplementary term to the superpotential (68):
for some constant b. The second issue is addressed by incorporating a quartic term in the Kähler potential (66):
where typical values of Λ 1 in natural units, as discussed in [30] . Fig. 10 shows the 68% and 95% CL regions (yellow and blue, respectively) in the (n s , r) plane (upper panel) and in the (N * , Λ) plane (lower panel) for this no-scale inflationary model with the illustrative choice b = 10 −6 and the range Λ ≤ 1. As shown in [30] , this matter inflaton model reproduces the inflationary predictions of the Starobinsky model for Λ 1, and we see in the upper panel of Fig. 10 that the data constraints on n s are insensitive to r for Λ in this range and the relevant values of N * (coloured lines). In each of the segments shown, Λ varies from 1/100 to 1 as shown for several values of N * . Once again, we can use the lower bound on n s to derive a lower bound on N * for a given value of Λ. Those limits are reproduced in the lower panel of Fig. 10 where we see that in the limit of small Λ the current data require N * > 45.5 at the 95% CL and favour N * ∈ (51.0, 75.2) at the 68% CL. The variation in N * for values of Λ ∈ (10 −2 , 1) is shown as a thin blue band in Fig. 9 as a function of Γ φ /m. We see that this is always smaller than the variation due to varying λ/µ, being ≪ 1 and hence negligible for our purposes.
Volume Modulus Inflaton Cases
In [38, 39] we calculated the observables (n s , r) in various no-scale inflationary models in which the inflaton was identified with some combination of the real and imaginary parts of the complex volume modulus T . In this case, we choose a superpotential of the form [60]
Inflation along the direction of the canonically normalized real component ρ of T yielded a Starobinsky-like model, whereas there was a quadratic potential along the imaginary direction [36, 37] . In [38] we assumed that higher-order terms in the Kähler potential K fixed the angle of the inflationary trajectory in the complex T plane, whereas [39] we made a complete two-field analysis of the inflationary observables n s and r. We now confront these models with the Planck 2015 data.
The models are characterized by two parameters, the angle of the starting-point in the complex T plane, which we parameterize here as α ≡ arctan(σ/ρ) , and the modulus stabilization parameter c [61] : and smaller values of α interpolate between this and the Starobinsky limit when α = 0. If the quartic stabilization term ∝ c is large enough, the inflaton trajectory follows a narrow valley in field space, much like a bobsleigh run, whereas if c is small the inflaton trajectory is less constrained and two-field effects become important. In this case, we found in [39] that the trajectories for α < π/2 tend to become more Starobinsky-like for smaller values of c. Predictions of this model for various values of c and α, based on a full two-field analysis, can be found in [39] , where it can be seen that the results depend on N * . The Planck 2015 68% and 95% CL contours in the (n s , r) plane can then be converted into the corresponding constraints on N * in these no-scale models as functions of c and α, as illustrated in the following figures.
In Fig. 11 we display the 68% and 95% CL regions (yellow and blue, respectively) in the (n s , r) plane (upper panel) and in the (N * , α) plane (lower panel) for the stronglystabilized case c = 100 * * . We see in the upper panel that in this case the data constraints on n s depend in an essential way on the value of r, and we also see that the contours of N * (coloured lines) depend in a non-trivial way on the value of α, as discussed in [39] . The interpolation between α = π/2, the limit in which the model realizes chaotic quadratic inflation, and α = 0, the Starobinsky limit, is nonlinear.
For these reasons, the conversion of the CMB data into constraints on N * also depends non-trivially on α, as seen in the "whale-like" shape in the lower panel of Fig. 11 . In particular, the whale's "mouth" is the converse of the leftward swerve in the N * contours in the upper panel of Fig. 11 , and the "lower jaw" corresponds to the swerve back to larger n s at small r. Overall, we see that N * ≥ 50 is preferred at the 68% CL, whereas N * ≥ 43 is allowed at the 95% CL. Translating these limits into constraints on Γ T /m is also less trivial than in the previous matter inflaton models, since this matter inflaton model is not Starobinsky-like for large α, as seen in the upper panel of Fig. 11 . As seen in Fig. 12 , any fixed value of N * may correspond to a range of values of Γ T /m, shown by the blue band, depending on the value of α. The upper side of the band correspond to the limit of chaotic inflation with a quadratic potential, and the lower side to the Starobinsky limit. As we see in Fig. 7 , in the Starobinsky-like limit α → 0 we find the following constraints on Γ T /m and the effective two-body coupling y:
We have studied numerically the possible variations in the dependence of N * on the decay rate Γ T in the range 0 ≤ α ≤ π/2, with the results shown as the blue band in Fig. 12 . We see there that in the chaotic quadratic inflation case the constraint on Γ T /m is relaxed by a factor ∼ 10 6 and the effective two-body coupling y is relaxed correspondingly by a factor ∼ 10 3 .
If y 10 −5 , corresponding to values of N * 52.7 as shown in (55) at the 95% CL. Thus models with a starting-point of inflation with small α close to the real direction, i.e., close to the Starobinsky model, are favoured in the strongly-stabilized case, though not strongly at the 95% CL. In the Starobinsky limit α → 0, corresponding to the lower jaw of the "whale" in Fig. 11 , the value y ∼ 10 −5 is at the Planck 2015 68%
CL limit, whereas N * 47 and hence y 10 −13 is allowed at the 95% CL. Fig. 13 shows analogous results for the unstabilized case c = 0. In this case, as seen in the upper panel, the important CMB constraint is that from n s , which is almost independent of r for the relevant values of N * (coloured lines). The lower panel of Fig. 13 shows that again N * ≥ 50 is favoured at the 68% CL, whereas now N * ≥ 44 is allowed at the 95% CL. Both of these limits are rather insensitive to α in the range 3π/8, whereas only very large values of N * are allowed as α → π/2, corresponding to a starting-point along the imaginary direction. In this case there is no significant preference for Starobinsky-like models with the starting-point of inflation close to the real direction. favoured at the 68% CL and N * ≥ 43 allowed at the 95% CL. As can be seen in Fig. 12 , these constraints correspond to y 10 −12 being favoured at the 68% CL, whereas all values of y consistent with Big Bang nucleosynthesis are allowed at the 95% CL. This example shows that inflation is possible in this model even if the starting-point of inflation is close to the imaginary direction, far from the Starobinsky-like limit. 
Summary and Prospects
The first purpose of this paper has been to present in Section 2 calculations of N * in models of inflaton decays, with particular attention to predictions in Section 3 from models that are motivated by no-scale models of inflation and have a structure inspired by common scenarios for string compactification. We have then analyzed in Section 4 the ranges of N * within no-scale models that yield values of n s and r within the 68 and 95% CL regions found by the Planck Collaboration.
Comparing the results of the previous two Sections, we showed in detail how models with smaller inflaton decay rates lead to lower values of T reh , N * and n s , whereas the data prefer larger values of n s and hence N * . Numerically, in the Starobinsky-like limit models with two-body decays and y 10 −5 as suggested by the gravitino constraint correspond to N * 52.7, whereas the data favour N * 50 at the 68% CL, with values of N * 43 being allowed at the 95% CL. The present data therefore tend to favour models with relatively rapid inflaton decay: Γ φ /m 10 −19 corresponding to y 2 × 10 −9 for two-body decays at the 68% CL, to be compared with the upper bound y 10 −5 from the gravitino abundance † † . It will be interesting to see how, as the experimental constraints tighten, the experimental noose on y tightens ‡ ‡
It is interesting to consider specific messages from our analysis for a couple of phenomenological issues, namely sneutrino inflation and supersymmetry breaking.
The cosmological upper limit on the gravitino abundance imposes an upper limit on the Yukawa coupling responsible for sneutrino inflaton decay: y ν 10 −5 , which is itself an important constraint on realizations of sneutrino inflation. If the matter field Φ in the no-scale Wess-Zumino model (65) is identified with a sneutrino, it must have a trilinear coupling λ ≃ µ/3. Such a trilinear coupling violates R-parity, inducing decay of the lightest supersymmetric particle. However, its lifetime is still much longer than the age of the Universe, and it remains a viable candidate for cold dark matter. As we have shown here, if λ µ/3, CMB measurements measurements favour N * 50, and hence are on the verge of providing a relevant lower bound on the coupling y ν responsible for sneutrino decay. It will be interesting to see how this squeeze on y ν will evolve.
Concerning supersymmetry breaking, we recall that there is a contribution to gaugino masses of the form
where p is a number of order unity. We saw in Section 3 that strongly-coupled string models with d g,T = O(1) would give larger values of the inflaton decay rate Γ φ ≃ d , as seen in † † However, the lower limit on Γ φ may be relaxed by a factor ∼ 10 6 (and that on y by a factor ∼ 10 3 ) in non-Starobinsky-like no-scale models.
‡ ‡ The mild preference for rapid inflaton decay applies to many models, including the original Starobinsky R + R 2 model, no-scale Starobinsky-like models [29] and Higgs inflation.
(64). The difference in N * and hence n s is not yet significant, but this connection will also be interesting to watch in the future.
These two examples serve as illustrations how inflationary observables may in the future join the phenomenological mainstream. These two examples are in the context of specific no-scale supergravity models of inflation, but the connection has the potential to be more general.
